The precise determination of the physical and dynamical parameters of the HIP 109951 triple star system (WDS J22161-0705AB) which is formed by the A, Ba, and Bb components are presented. The binary nature of component B was recently confirmed by studying the radial velocities. The analysis of the system follows Al-Wardat's complex method for analyzing CVBS which employs Kurucz (Atlas9) line blanketed plane-parallel atmospheres simultaneously with an analytic method for dynamical analysis (we used Docobo's method) to calculate the parameters of this triple system. The result of our study yielded the following parameters: T A eff = 5836 ± 80 K, R A = 1.090 ± 0.039R , logg A = 4.45 ± 0.06, M A = 1.05 ± 0.16M ; T Ba eff = 5115 ± 80 K, R Ba = 0.596 ± 0.05R , log g Ba = 4.60 ± 0.07, M Ba = 0.83 ± 0.16M , T Bb eff = 4500 ± 80 K, R Bb = 0.490 ± 0.06R , log g Bb = 4.65 ± 0.07, and M Bb = 0.67 ± 0.16M based on the revised Hipparcos parallax. The orbital solution gave a total mass as M = 2.59M based on Gaia parallax and M = 2.15M based on the revised Hipparcos parallax. The synthetic spectral energy distributions (SED) and synthetic stellar photometry of the entire system and individual components are given and compared with the available observational ones. Finally, the positions of the system components on the HR diagram and the evolutionary tracks are given and their formation and the evolution of the system are discussed.
This paper presents a comprehensive analysis of the physical and dynamical parameters of the HIP 109951 system. This system is formed by three components: A, Ba, and Bb. First, the astrometrical satellite Hipparcos discovered the visual pair, AB, and Tokovinin (48) , studying the radial velocities of the system confirmed that the B component is binary. According to this research, the components, Ba and Bb have different magnitudes and the couple can be considered a single-lined spectroscopic binary, SB1. For this reason, it is probable that the difference of magnitude between their components is equal to or greater than 1.5. Its parallaxes were recently published by the Gaia project as Gaia = 15.1176 ± 0.5342 mas (21) and the revised Hipparcos parallax as Hip = 16.09 ± 1.07 mas (52) which implicate a kinematic distance of 66.148 ± 0.002 and 62.15 ± 0.004 pc, respectively. Speckle interferometry revealed a separation between the main component, A, and the pair Ba-Bb close to 0.4 arcsec and it yielded 17 relative position measurements after the first astrometric measurement by Hipparcos on 1991. 25 (Hipparcos Catalog (20) ).
The system is studied following Al-Wardat's complex method for analyzing close visual binary systems (CVBSs) (1; 3; 5) which uses the magnitude difference between the two components to build a synthetic spectral energy distribution (SED) for each component and then to combine them together in order to be comparable to the entire observational SED and photometry in an iterated method. This approach was combined with Docobo's dynamical analysis (17) (18) (19) in order to determine the complete set of physical and dynamical parameters of the system. In addition, Al-Wardat's complex method was successfully applied to estimate the stellar parameters of several solar-type stars and sub-giant binary stars such as HIP 70973, HIP 72479, HIP 11352, HIP 11253, HD 25811, HD 375, Gliese 150.2, Gliese 762.1, HD 6009, FIN 350, COU1511, HIP 105947, HIP 14075 and HIP 14230 (4-12; 42; 43) .
The first orbit of the system A-Ba,Bb was published by (33) using the code of (38) with a period of 134 yr, a semi-major axis of 0.567 arcsec, and a mass-sum of 2.98 ± 0.91 M using the old Hipparcos parallax of 15.04 ± 1.52 mas (20) . The orbit was then modified by (16) and (45) using a completely different method. Their estimated mass-sums were 2.18 ± 0.44 M and 3.35 ± 6.52 M , with periods of 80.57 and 44 years, respectively. The last orbit of the system was calculated by (48) using high-resolution radial velocities and speckle measurements. Tokovinin (48) gave a mass sum of 2.58 M using a visual orbit with a period of 50.49 years and the Gaia parallax (21) .
II. OBSERVATIONAL DATA
The entire observational SED for the HIP 109951 system was taken from (2) ( Figure 2 ). This SED reveals significant information about the properties of the system and will be used as a reference for comparison with the synthetic ones. The observational SED was obtained using a low-resolution grating (325/4 • grooves/mm, 5.97 Å/px reciprocal dispersion) within the UAGS spectrograph on the 1 m (Zeiss-1000) telescope at SAO-RAS-Russia and it covers the wavelength range from 3700 Åto 8000 Å. Table I contains the fundamental data for HIP 109951 from the SIMBAD database and Table II contains photometric data of the system from the NASA/IPAC, the Hipparcos and the Tycho Catalogs (20) , and Strömgren (28) . Table III shows the magnitude differences (∆m) between the two main components of the visual system along with filters used in the observation expressed in nm as well as a reference for each measurement from the Fourth Catalog of Interferometric Measurements of Binary Stars (INT4, (27)) (53). 
III. ANALYSIS

A. Orbit
In order to obtain the orbital solution, we have used Docobo's analytic method (17) (18) (19) . It is well known that this method is based on the selection of three base points and, with them, the family of relative orbits with corresponding apparent orbits that pass through the base points is generated. Solution selection can be based on different criteria although the most commonly used procedure is to calculate the root mean squares (RMS) of the residuals in the position angles and the separations. Of course, the weights of the observations are taken into account.
Tables IV and V contain information about the residuals in θ and ρ obtained with the new calculated orbit, the best orbital elements, and the RMS, respectively. The apparent orbit of the visual binary, A-Ba,Bb, is shown in Figure 1 .
B. Masses
Depending on the calculated orbital elements, the period (P in years) and the semi-major axis (a in arcsec) in Table V , we can employ the latest Gaia parallax measurement and the revised Hipparcos parallax to calculate the total mass (M T ot ) of the system (in solar masses) using Kepler's Third Law as follows: 
The results are 2.59 ± 0.40M and 2.15 ± 0.35M , respectively which will subsequently be compared with the derived masses from the positions of the components on the HR diagram as defined by their physical parameters using Al-Wardat's complex method. 
C. Atmospheric modeling
We begin by estimating the physical properties which involve two parameters: the magnitude difference between the components and the entire visual magnitude, (m v ). The first parameter is taken from speckle interferometric observations while the second parameter is taken from (20) photometric data.
First, we analyze the system as a binary system (A − B) following the Al-Wardat method using ∆m A,B =1.88 as the average value for the complete list of ∆m measurements corresponding to the 545 − 551nm V − band filters (see Table III ). Because the Ba,Bb system is considered as an SB1, it is reasonable to admit that ∆m Ba,Bb ≥ 1.5. We will take the real value of 1.5 as magnitude difference between the components of the Ba-Bb system. Combining each of the magnitude differences with the entire visual magnitude (m v ) in the Johnson V-band filter (Table II) and then with the parallax allowed us to calculate the apparent and absolute magnitudes of the individual components (m * v and M * V ) using the following simple relationships:
and
which yield: m A v = 8. m 90 ± 0.05 and m B v = 10. m 78 for the primary and secondary components of the system. Here, we adopt the entire visual magnitude of the Ba-Bb system is the visual apparent magnitude of the component B, so m vBaBb is equal to 10. m 78. The apparent magnitudes of the Ba-Bb are as follows: m Ba v = 11. m 02 and m Bb v = 12. m 52 for the primary and secondary of sub-binary components, respectively and M A V = 4. m 61 ± 0.09 and M Ba V = 6. m 73 ± 0.07, M Bb V = 8. m 23 ± 0.07 for the primary and sub-binary components of the triple system, respectively. In the case, we adopted the recently published interstellar absorption for HIP 109951 as A v = 0.19 (47) and the distance of the system was estimated using d = 1/ where is in arcsec, while the error of distance was estimated using σ d = σ / 2 .
As for the errors in Eqs. 3, 4, and 5, they were calculated using the following equations, respectively:
Since the value of the error of visual magnitude, (σ m v ), was extremely small and not given in the photometric data in Table II , it can be ignored in Equation 6 .
Starting from the estimated absolute magnitudes of the individual components of the system, and using the relations of 
we obtain the preliminary stellar parameters, as follows: T A eff. = 5840K, log g A = 4.38, R A = 1.16R for the primary component of the system and T Ba eff. = 5015K, log g Ba = 4.52, R Ba = 0.71R for the primary component of the sub-binary system and T Bb eff. = 4340K, log g Bb = 4.64, R Bb = 0.59R for the secondary component of the sub-binary system . Here, the effective temperature of the Sun was taken as 5777 K and its bolometric absolute magnitude as 4. m 75.
For the sake of analyzing and estimating the physical and geometrical parameters of HIP 109951, we used Al-Wardat's complex method which employs Kurucz Atlas9 line-blanketed grid models (35) to construct individual SEDs and a special subroutine to calculate the entire synthetic SED in order to compare it with the observational one in an iterated manner to obtain the best fit between them.
The entire synthetic SED of the system which is related to the energy flux of the components located at a distance d (pc) from the Earth according to the following equation is:
where
As a result, Equation 11 can be written as,
where R A , R Ba , and R Bb are the radii of the components in solar units, H A λ , H Ba λ , and H Bb λ are the fluxes at the surface of each component star, and F λ is the flux for the entire SED of the system at the surface of the Earth in units of ergs cm −2 s −1 Å −1 .
Several tests have been performed on the calculated physical and dynamical parameters. First of all, we compared the entire synthetic SED of the system with the observational spectrum, then we compared the entire synthetic color indices and magnitudes of the system, particularly (B − V) J , V J , and the magnitude difference, ∆m, with the entire observed photometry of the system. Following all of the steps of the fitting and the iteration method of different sets of parameters as well as the best fit between the color indices of the observed and theoretical synthetic spectra, we obtained the best agreement between the synthetic and observed spectra based on the Gaia parallax (21) utilizing the following parameters ( Figure 2) : T A eff. = 5836±80 K, T Ba eff. = 5115± 80 K, T Bb eff. = 4500 ± 80 K, log g A = 4.45 ± 0.05, log g Ba = 4.60 ± 0.06, log g Bb = 4.65 ± 0.06, and R A = 1.159 ± 0.039 R , R Ba = 0.634 ± 0.05 R , and R Bb = 0.521 ± 0.06 R . On the other hand, we obtained the best agreement between the synthetic and the observed spectra based on the revised Hipparcos parallax (52) utilizing the same stellar parameters excluding the radii of three components which were as follows ( Figure 2) : R A = 1.090 ± 0.039 R , R Ba = 0.596 ± 0.05 R , and R Bb = 0.490 ± 0.06 R .
There are two solutions for the close visual triple system, one using the Gaia parallax and the other using the revised Hipparcos parallax. But, as a result of the mixed power spread function (PSF) of two components, the Gaia parallaxes of bright stars (especially close binaries) may be significantly distorted by systematic errors and the high accuracy of the Gaia parallax is not final proof of the adequacy of this value of parallax for this star (37) . That is why, the solution using the revised Hipparcos parallax (52) is better for the HIP 109951 triple system for representing the best physical and dynamical parameters, taking into account the errors of the observed spectrum and magnitudes.
Using the aforementioned parameters of the triple system, we obtain the stellar luminosities of the components: L A = 1.24 ± 0.091L , L Ba = 0.22 ± 0.09L , and L Bb = 0.09 ± 0.05L . Hence, the individual bolometric magnitudes are: M A bol = 4.52 ± 0.08 mag, M Ba bol = 6.39 ± 0.08 mag, and M Bb bol = 7.36 ± 0.05 mag. Based on the calculated physical and dynamical parameters, specifically the effective temperatures (T eff. ) and the stellar luminosities (L), we estimated the masses using the theoretical evolutionary tracks method with the locations of the components on the H-R diagram ( Figure. 3) as follows: M A = 1.05 ± 0.16M , M Ba = 0.83 ± 0.09M , and M Bb = 0.67 ± 0.04M . These results allowed us to propose the new spectral types of the triple system as follows: Sp A ≈ G1.5, Sp Ba ≈ K1.5, and Sp Bb ≈ K7.
The total mass of the system was estimated using Al-Wardat's method to be 2.55M , coinciding to a large extent with those given by Docobo's analytic method as 2.59M using the Gaia parallax . To estimate the metallicity and ages for HIP 109951, one should use the synthetic isochrones tracks as a functions of metallicity and age given by (24) ] from the zero-age main sequence star to the first phase of carbon burning. One can see that the metallicity of the system is subject to the positions of the system's components on the synthetic isochrones tracks. As a result, the metallicity for HIP 109951 is Z = 0.008 as shown in Fig. 4 and helium of the system is Y = 0.25, while the system age on the synthetic isochrones tracks as a function of age is between 8.9 and 13 Gyr.
Synthetic photometry
Synthetic photometry is used to estimate the stellar parameters more accurately with the color indices. It is a quantitative analysis for the synthetic SED of a binary system which is used to modify stellar parameters such that the predicted magnitudes fit the observed ones. It is predominantly based on the following equation (39; 40) :
This equation is crucial for calculating the total and the individual synthetic magnitudes and color indices of the stars. Where m p is the synthetic magnitude of the p passband, P p (λ) is the dimensionless sensitivity function of the p passband, F λ,s (λ) is the synthetic SED of the object, and F λ,r (λ) is the SED of the reference star. Here, zero points (ZP p ) were adopted from (40) . The result of applying Equation 14 to the estimated synthetic SED should be consistent with the observational values in Table II, Similarly, the calculated magnitudes and color indices within three different photometrical systems: Table VII .
IV. RESULTS AND DISCUSSION
Table IV also shows the residuals, ∆θ and ∆ρ, and the rms of the system. Our orbital parameters of the visual system are close to that of (48) but the rms in our orbit improved in theta and in rho more than previous rms. Moreover, the residuals of the radial velocities obtained with these elements and the parallax of Gaia are of the same order as those that (48) determined in the same manner, that is, using Tokovinin's visual orbit elements. Table V summarizes the results of the accurate orbital solution of the HIP 109951 triple system which is plotted in Figure 1 using Docobo's analytic method. Tokovinin has evaluated the orbital parameters of the main A − B binary system and sub-binary Ba − Bb system. Table V shows the orbital parameters of the main binary system. The sub-binary system has an orbital period approximately of 111 days (48) .
Employing magnitude difference measurements of speckle interferometry, the entire observational SED of spectrophotometry along with atmospheric modeling using Al-Wardat's complex method resulted in a precise determination of the complete set of the physical and geometrical parameters of the main system. These parameters are presented in Table VIII . (Figure 3 ). b Spectral types from the tables of (26; 36) and the M V − S P relation. Figure 2 shows the best fit between the observed and the synthetic spectrum along with three components (A, Ba, and Bb) of the system using a grid of Kurucz solar metallicity models. Table IX shows and m Bb v ) of the synthetic photometry are found to be similar to those from the observed photometry. Moreover, the magnitude difference of the sub-binary obtained from the synthetic photometry in Table IX is similar to those from the observed photometry. Table X summarizes significant results. It shows a comparison between the synthetic magnitudes and color indices and the observational ones. Of course, the upshots and comparison led us to a lucid and powerful indication of the reliability of the estimated physical and dynamical parameters of the individual components of the triple system given in Table VIII . Figure 3 shows the ideal positions of the individual components of the HIP 109951 triple system following theoretical evolutionary tracks of (25) on the H-R diagram. This indicates that component A belongs to the main sequence stars, while the components of the sub-binary system are a bit below the main sequence. We have computed the total mass of the HIP 109951 system using two independent methods: Al-Wardat's complex method and Docobo's analytical method. The former gave a mass sum of 2.55 ± 0.38M distributed in the following manner M A = 1.05 M , M Ba = 0.83 M , and M Bb = 0.67 M , while the latter gave a mass sum of 2.15 ± 0.35M using the revised Hipparcos parallax and a mass sum of 2.59 ± 0.40M using the Gaia parallax. The good agreement in mass sum between the two methods leads to a reliable and accurate analysis of the used methods.
Analysis of HIP 109951 showed that the system is a slightly metal-deficient star [Z = 0.008, Y = 0.25] (Figure 4) with an age between 8.9 and 13 Gyr. Table II ) b Entire synthetic work of the HIP 109951 system (see Table IX ) .
V. CONCLUSIONS
Our calculations yielded the best physical and dynamical parameters to date of the studied triple system with reliablity of the parallaxes in both methods.
The total dynamical masses were M = 2.59 ± 0.40M and M = 2.15 ± 0.35M using Docobo's method based on the Gaia parallax and the revised Hipparcos parallax, respectively. The total mass of the three components of the system were M = 2.55 ± 0.38M using Al-Wardat's method. In addition, the best match between the observed photometry and synthetic photometry of the magnitudes and color indices in different photometric systems (Johnson: B, V, B − V; Strömgren: u − v, v − b, b − y; and Tycho: B T , V T ) of the entire system was accurately achieved.
